In this paper, we determine the dimensions of the residue codes of extremal Type II Z 4 -codes for lengths 32 and 40. We demonstrate that every binary doubly even self-dual code of length 32 can be realized as the residue code of some extremal Type II Z 4 -code. It is also shown that there is a unique extremal Type II Z 4 -code of length 32 whose residue code has the smallest dimension 6 up to equivalence. As a consequence, many new extremal Type II Z 4 -codes of lengths 32 and 40 are constructed.
Introduction
As described in [19] , self-dual codes are an important class of linear codes for both theoretical and practical reasons. It is a fundamental problem to classify self-dual codes of modest length, and construct self-dual codes with the largest minimum weight among self-dual codes of that length. Among self-dual Z k -codes, self-dual Z 4 -codes have been widely studied because such codes have applications to unimodular lattices and nonlinear binary codes, where Z k denotes the ring of integers modulo k and k is a positive integer.
A Z 4 -code C is Type II if C is self-dual and the Euclidean weights of all codewords of C are divisible by 8 [2, 14] . This is a remarkable class of self-dual Z 4 -codes related to even unimodular lattices. A Type II Z 4 -code of length n exists if and only if n ≡ 0 (mod 8), and the minimum Euclidean weight d E of a Type II Z 4 -code of length n is bounded by d E ≤ 8⌊n/24⌋+8 [2] . A Type II Z 4 -code meeting this bound with equality is called extremal. If C is a Type II Z 4 -code, then the residue code C
(1) is a binary doubly even code containing the all-ones vector 1 [7, 14] .
It follows from the mass formula in [8] that for a given binary doubly even code B containing 1 there is a Type II Z 4 -code C with C
(1) = B. However, it is not known in general whether there is an extremal Type II Z 4 -code C with C (1) = B or not. Recently, at length 24, binary doubly even codes which are the residue codes of extremal Type II Z 4 -codes have been classified in [13] . In particular, there is an extremal Type II Z 4 -code whose residue code has dimension k if and only if k ∈ {6, 7, . . . , 12} [13, Table 1 ]. It is shown that there is a unique extremal Type II Z 4 -code with residue code of dimension 6 up to equivalence [13] . Also, every binary doubly even self-dual code of length 24 can be realized as the residue code of some extremal Type II Z 4 -code [5, Postscript] (see also [13] ). Since extremal Type II Z 4 -codes of length 24 and their residue codes are related to the Leech lattice [2, 5] and structure codes of the moonshine vertex operator algebra [13] , respectively, this length is of special interest. For the next two lengths n = 32 and 40, a number of extremal Type II Z 4 -codes are known (see [15] ). However, only a few extremal Type II Z 4 -codes which have residue codes of dimension less than n/2 are known for these lengths n. This motivates us to study the dimensions of the residue codes of extremal Type II Z 4 -codes for these lengths.
In this paper, it is shown that there is an extremal Type II Z 4 -code of length 32 whose residue code has dimension k if and only if k ∈ {6, 7, . . . , 16}. In particular, we study two cases k = 6 and 16. We demonstrate that every binary doubly even self-dual code of length 32 can be realized as the residue code of some extremal Type II Z 4 -code. It is also shown that there is a unique extremal Type II Z 4 -code of length 32 with residue code of dimension 6 up to equivalence. Finally, it is shown that there is an extremal Type II Z 4 -code of length 40 whose residue code has dimension k if and only if k ∈ {7, 8, . . . , 20}.
As a consequence, many new extremal Type II Z 4 -codes of lengths 32 and 40 are constructed. Extremal Type II Z 4 -codes of lengths 32 and 40 are used to construct extremal even unimodular lattices by Construction A (see [2] ). All computer calculations in this paper were done by Magma [3] .
Preliminaries

Extremal Type II Z 4 -codes
Let Z 4 (= {0, 1, 2, 3}) denote the ring of integers modulo 4. A Z 4 -code C of length n is a Z 4 -submodule of Z n 4 . Two Z 4 -codes are equivalent if one can be obtained from the other by permuting the coordinates and (if necessary) changing the signs of certain coordinates. The dual code C ⊥ of C is defined as
, where n α (x) denotes the number of components i with x i = α (α = 1, 2, 3). The minimum Euclidean weight d E of C is the smallest Euclidean weight among all nonzero codewords of C. A Z 4 -code C is Type II if C is self-dual and the Euclidean weights of all codewords of C are divisible by 8 [2, 14] . A Type II Z 4 -code of length n exists if and only if n ≡ 0 (mod 8), and the minimum Euclidean weight d E of a Type II Z 4 -code of length n is bounded by d E ≤ 8⌊n/24⌋ + 8 [2] . A Type II Z 4 -code meeting this bound with equality is called extremal.
The classification of Type II Z 4 -codes has been done for lengths 8 and 16 [7, 16] . At lengths 24, 32 and 40, a number of extremal Type II Z 4 -codes are known (see [15] ). At length 48, only two inequivalent extremal Type II Z 4 -codes are known [2, 12] . At lengths 56 and 64, recently, an extremal Type II Z 4 -code has been constructed in [11] .
Binary doubly even self-dual codes
Throughout this paper, we denote by dim(B) the dimension of a binary code B. Also, for a binary code B and a binary vector v, we denote by B, v the binary code generated by the codewords of B and v. A binary code B is called doubly even if wt(x) ≡ 0 (mod 4) for any codeword x ∈ B, where wt(x) denotes the weight of x. A binary doubly even self-dual code of length n exists if and only if n ≡ 0 (mod 8), and the minimum weight d of a binary doubly even self-dual code of length n is bounded by d ≤ 4⌊n/24⌋ + 4 (see [15, 19] ). A binary doubly even self-dual code meeting this bound with equality is called extremal.
Two binary codes B and B ′ are equivalent, denoted B ∼ = B ′ , if B can be obtained from B ′ by permuting the coordinates. The classification of binary doubly even self-dual codes has been done for lengths up to 32 (see [6, 15, 19] ). There are 85 inequivalent binary doubly even self-dual codes of length 32, five of which are extremal [6] .
Residue codes of Z 4 -codes
Every Z 4 -code C of length n has two binary codes C (1) and C (2) associated with C:
The binary codes C (1) and C (2) are called the residue and torsion codes of C, respectively. If C is self-dual, then C
(1) is a binary doubly even code with
. If C is Type II, then C (1) contains the all-ones vector 1 [14] . The following two lemmas can be easily shown (see [13] for length 24). Proof. The assertions (1) and (2) follow from [7] and [14] , respectively, as described above. If C is an extremal Type II Z 4 -code of length n, then C (2) has minimum weight at least 2⌊n/24⌋ + 2 (see [11] [4] ). The result follows.
In this paper, we consider the existence of an extremal Type II Z 4 -code with residue code of dimension k for a given k. To do this, the following lemma is useful, and it was shown in [13] for length 24. Since its modification to lengths 32 and 40 is straightforward, we omit to give a proof. 
Construction method
In this subsection, we review the method of construction of Type II Z 4 -codes, which was given in [16] . Let C 1 be a binary code of length n ≡ 0 (mod 8) and dimension k satisfying the conditions (1) and (2) . Without loss of generality, we may assume that C 1 has generator matrix of the following form:
where A is a k × (n − k) matrix which has the property that the first row
, and I k−1 denotes the identity matrix of order k − 1. Since C 1 is self-orthogonal, the matrix G 1 can be extended to a generator matrix of C ⊥ 1 as follows
(1, 0)-matrices B such that the following matrices
are generator matrices of Type II Z 4 -codes C, where we regard the matrices as matrices over Z 4 . That is, there are 2
Since any Type II Z 4 -code is equivalent to some Type II Z 4 -code containing 1 [14] , without loss of generality, we may assume that the first row of B is the zero vector. This reduces our search space for finding extremal Type II Z 4 -codes. In fact, there are only 2 (k−1)(k−2)/2 Type II Z 4 -codes C with C
(1) = C 1 containing 1 (see also [1] ).
3 Extremal Type II Z 4 -codes of length 32
Known extremal Type II Z 4 -codes of length 32
Currently, 57 inequivalent extremal Type II Z 4 -codes of length 32 are known (see [9, 15] ). Among the 57 known codes, 54 codes have residue codes which are extremal doubly even self-dual codes. In particular, for every binary extremal doubly even self-dual code B of length 32, there is an extremal [17] are known extremal Type II Z 4 -codes whose residue codes are not extremal doubly even self-dual codes (see [9] ). The residue codes ofC 
Determination of dimensions of residue codes
By Lemma 2.2, if C is an extremal Type II Z 4 -code of length 32, then 6 ≤ dim(C (1) ) ≤ 16. In this subsection, we show the converse assertion using Lemma 2.3. To do this, we first fix the coordinates of RM(1, 5) by considering the following matrix as a generator matrix of RM(1, 5):
11111111 11111111 11111111 11111111 11111111 11111111 00000000 00000000 11111111 00000000 11111111 00000000 11110000 11110000 11110000 11110000 11001100 11001100 11001100 11001100 10101010 10101010 10101010 10101010
It is well known that RM(1, 5) has the following weight enumerator: (7) 1 + 62y 16 Remark 3.2. In the next two subsections, we study two cases k = 6 and 16. As another approach to Proposition 3.1, we explicitly found an extremal Type II Z 4 -code C 32,i with C (1) 32,i ∼ = B 32,i for i = 7, 8, . . . , 15, using the method given in Section 2.4. Any Z 4 -code with residue code of dimension k is equivalent to a code with generator matrix of the form:
where A is a matrix over Z 4 and B is a (1, 0)-matrix. For these codes C 32,i , we give generator matrices of the form (8) , by only listing in Figure 1 the i × (32 − i) matrices A in (8) to save space. Note that the lower part in (8) can be obtained from the matrices I k A , since C (2) = C (1) ⊥ and I k A mod 2 is a generator matrix of C (1) , where A mod 2 denotes the binary matrix whose (i, j)-entry is a ij mod 2 for A = (a ij ). 0000002000000333222002  0000002000000132120000  0000002000000132012022  0000002000000132201220  0011110001111332002320  1100112110011332022032  1010101101010101111111  0101103010110033111333 0000000111111200202201 1111111000000200000200 000000200000131202000  000000200200130102202  000000000200330032002  000000000200130021200  000000200200132000100  110011211011330200023  101010110110101111111  011001301101031131113  001111000211000000012 001111211100000222220 111111100200200022000 [18] , any of the 89 codes C 32,i and D 32,i has minimum Hamming weight 4. In addition, any of the codes has minimum Lee weight 8, since the minimum Lee weight of an extremal Type II Z 4 -code with minimum Hamming weight 4 is 8 (see [2] for the definitions).
Residue codes of dimension 6
At length 24, the smallest dimension among codes satisfying the conditions (1)-(3) is 6. There is a unique binary [24, 6] code satisfying (1)-(3), and there is a unique extremal Type II Z 4 -code with residue code of dimension 6 up to equivalence [13] . In this subsection, we show that a similar situation holds for length 32. Let G be a generator matrix of B 32 and let r i be the ith row of G (i = 1, 2, . . . , 6). From the weight enumerator (7), we may assume without loss of generality that the first three rows of G are as follows: (11111111 11111111 11111111 11111111) , r 2 = (11111111 11111111 00000000 00000000), r 3 = (11111111 00000000 11111111 00000000).
Put r 4 = (v 1 , v 2 , v 3 , v 4 ), where v i (i = 1, 2, 3, 4) are vectors of length 8 and let n i denote the number of 1's in v i . Since the binary code B 4 generated by the four rows r 1 , r 2 , r 3 , r 4 has weight enumerator 1 + 14y
16 + y 32 , we have the following system of the equations: wt(r 4 ) = n 1 + n 2 + n 3 + n 4 = 16, wt(r 2 + r 4 ) = (8 − n 1 ) + (8 − n 2 ) + n 3 + n 4 = 16, wt(r 3 + r 4 ) = (8 − n 1 ) + n 2 + (8 − n 3 ) + n 4 = 16, wt(r 2 + r 3 + r 4 ) = n 1 + (8 − n 2 ) + (8 − n 3 ) + n 4 = 16.
This system of the equations has a unique solution n 1 = n 2 = n 3 = n 4 = 4. Hence, we may assume without loss of generality that Therefore, a generator matrix G is uniquely determined up to permutation of columns.
Using a classification method similar to that described in [13 (1)- (3) can be realized as the residue codes of some extremal Type II Z 4 -codes for k = 6 and 16. The binary [32, 7] code N 32 = RM(1, 5), v satisfies (1)- (3), where RM(1, 5) is defined by (6) and supp(v) = {1, 2, 3, 4, 5, 9, 17, 29}.
However, we verified that none of the Type II Z 4 -codes C with C (1) = N 32 is extremal, using the method in Section 2.4. Therefore, there is a binary code satisfying (1)-(3) which cannot be realized as the residue code of an extremal Type II Z 4 -code of length 32.
4 Extremal Type II Z 4 -codes of length 40
Determination of dimensions of residue codes
Currently, 23 inequivalent extremal Type II Z 4 -codes of length 40 are known [5, 9, 10, 17] . Among these 23 known codes, the 22 codes have residue codes which are doubly even self-dual codes and the other code is given in [17] . Using an approach similar to that used in the previous section, we determine the dimensions of the residue codes of extremal Type II Z 4 -codes of length 40.
By Lemma 2.2, if C is an extremal Type II Z 4 -code of length 40, then 7 ≤ dim(C (1) ) ≤ 20. Using the method given in Section 2.4, we explicitly found an extremal Type II Z 4 -code from some binary doubly even [40, 7, 16] code. This binary code was found as a subcode of some binary doubly even self-dual code. We denote the extremal Type II Z 4 -code by C 40,7 . The weight enumerators of C 
respectively. For the code C 40,7 , we give a generator matrix of the form (5), by only listing the 7 × 40 matrix G 40 which has form ( AĨ 7 + 2B ) in (5):
111111111111111111111111111111111 1111111 101101001011110000011001100000101 0100000 100000101011011000100010001111011 2210000 100110011011001101111111101000100 0203000 011110110111111001011010010001010 0002300 110100101111000011100110000010100 0202010 010111101001111110010110110100010 0002003
Note that the lower part in (5) can be obtained from G 40 . Using the generator matrix G 40 mod 2 of the binary code C As another approach to Proposition 4.1, we explicitly found an extremal Type II Z 4 -code C 40,i with C 
Residue codes of dimension 7
At lengths 24 and 32, the smallest dimensions among binary codes satisfying (1)-(3) are both 6, and there is a unique extremal Type II Z 4 -code with residue code of dimension 6, up to equivalence, for both lengths (see [13] and Proposition 3.7).
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